We present coarse-grained molecular dynamics simulations of the epsin N-terminal homology domain interacting with a lipid bilayer and demonstrate a rigorous theoretical formalism and analysis method for computing the induced curvature field in varying concentrations of the protein in the dilute limit. Our theory is based on the description of the height-height undulation spectrum in the presence of a curvature field. We formulated an objective function to compare the acquired undulation spectrum from the simulations to that of the theory. We recover the curvature field parameters by minimizing the objective function even in the limit where the protein-induced membrane curvature is of the same order as the amplitude due to thermal undulations. The coupling between curvature and undulations leads to significant predictions: (i) Under dilute conditions, the proteins can sense a site of spontaneous curvature at distances much larger than their size; (ii) as the density of proteins increases the coupling focuses and stabilizes the curvature field to the site of the proteins; and (iii) the mapping of the protein localization and the induction of a stable curvature is a cooperative process that can be described through a Hill function. 
We present coarse-grained molecular dynamics simulations of the epsin N-terminal homology domain interacting with a lipid bilayer and demonstrate a rigorous theoretical formalism and analysis method for computing the induced curvature field in varying concentrations of the protein in the dilute limit. Our theory is based on the description of the height-height undulation spectrum in the presence of a curvature field. We formulated an objective function to compare the acquired undulation spectrum from the simulations to that of the theory. We recover the curvature field parameters by minimizing the objective function even in the limit where the protein-induced membrane curvature is of the same order as the amplitude due to thermal undulations. The coupling between curvature and undulations leads to significant predictions: (i) Under dilute conditions, the proteins can sense a site of spontaneous curvature at distances much larger than their size; (ii) as the density of proteins increases the coupling focuses and stabilizes the curvature field to the site of the proteins; and (iii) the mapping of the protein localization and the induction of a stable curvature is a cooperative process that can be described through a Hill function.
membrane undulations | curvature-inducing proteins | coarse-grained molecular dynamics | fluctuation analysis | equipartition C ellular membranes host many processes essential to life, all of which depend on the unique physical and chemical properties of the lipids and proteins that comprise, adhere to, and remodel them. Membrane shapes provide unique microenvironments across organelles, and distinctions between them confer high selectivity for trafficking and signaling processes along with more potent, local concentrations of important signaling molecules (1) . Understanding how proteins sculpt lipid bilayers is vital to our understanding of how cell membranes modulate cell signaling pathways and consequent cell fate.
In most curvature-driven or curvature-associated cellular processes, three length scales in the plane of the membrane, namely those corresponding to the lipids (∼1 nm), small proteins (∼5-50 nm), and cytoskeleton (∼1 μm) are all instantiated by a rich complex of partners. Whereas in vitro experiments tend to isolate only a few components of larger trafficking machinery (2) , and in vivo experiments can test the role of individual components (3), it is clear that common cellular trafficking events involve the concerted action of many proteins. A typical example is clathrinmediated endocytosis, which depends on a score of scaffolding proteins, adapters, and signaling enzymes (4) . In keeping with its diverse functionality, it has been argued that physiological curvature generation can occur through many mechanisms (5) , each of which may carry unique energy costs (6) .
The intrinsic shape of constituent lipids influences larger-scale bilayer shapes (7) . By themselves, lipids are thought to generate curvature cooperatively, when organized into domains with distinct boundaries (8) . In some cases protein-mediated processes, for example the action of flipases, are necessary to create lipid composition differences across the opposing leaflets of a bilayer, which can generate differences in membrane curvature (9) . In other examples of cooperative lipid domain-induced curvature, lipid composition can vary across organelles, between membrane structures such as tubules and vesicles (10) , and even within small nanoscale lipid rafts created by phase demixing in a single membrane region (11) . There is evidence that lipid shape may be coupled to the shape of the bilayer, but precisely quantifying this coupling through experiments or simulations is challenging (7, 12, 13) . Such experiments delineate mechanisms by which lipids sense particular preferred curvatures.
Several mechanisms of protein-mediated curvature induction on bilayers have been proposed. Curvature can be generated by enrichment of transmembrane proteins (14) , steric pressure (i.e., "protein crowding") at the bilayer surface (15) , and hydrophobic insertion by peripheral proteins (16) . Larger protein lattices can often be directly imaged via electron microscopy or mapped using scattering or correlation spectroscopy experiments. In some cases, tour-de-force simulations have been conducted to match with experiments to identify Bin/amphiphysin/Rvs (BAR) domain lattices on membrane tubules (17) , aggregation of light-harvesting proteins on highly curved membranes (18) , and bilayer thinning caused by α-synuclein (19) .
The actin cytoskeleton influences endocytic pathways by interacting with a host of adapter proteins and curvature inducers, namely amphiphysin and dynamin (20) . Actin dynamics are tightly linked to the recruitment of these proteins, which are thought to generate curvatures necessary to initiate trafficking events (21) . Actin dynamics may also influence membrane curvature by a physical mechanism: by modulating membrane tension, which is conjugate to its excess area (22) .
Several experiments have focused on highly concentrated, homogeneous systems that provide unambiguous evidence for membrane shape changes. Many proteins can bend bilayers if they are enriched to a high concentration. For instance, above 20% surface coverage, green fluorescent protein can bend bilayers,
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despite any evidence that it plays a role in physiological membrane remodeling (15) . Although this evidence indicates that protein surface coverage is relevant to bilayer shapes, tightly regulated membrane shapes may be generated more efficiently in vivo at protein surface coverages well below this threshold, by proteins with a more specific membrane-bending functionality (23) .
More specifically, curvature-inducing proteins enriched to a moderate concentration may initiate membrane bending events necessary for intracellular transport or cell motility. For example, the protein FBP17 localizes to low-tension membrane invaginations at the leading edge of migrating cells to activate actin assembly (24) . In vitro experiments show that both membrane tension and bound protein density may work together to initiate the membrane shape changes that lead to trafficking events (25) . Each of these cases supports a tripartite relationship between tension, protein density, and membrane shape change, yet each of these phenomena operates at different length and energy scales on the bilayer. There is likewise evidence that a member of the exocyst (Exo70) drives the formation of outward-pointing membrane protrusions (negative curvature) and promotes actin branching at the sites of lamellapodia formation, which may be associated with cell migration and tumor invasion (26, 27) .
Regardless of the specific protein composition, both simulations and experiments yield important insights into protein-induced membrane bending. Simulations indicate that the ordering of both BAR and epsin N-terminal homology (ENTH) domains influences the morphology of the bilayer to which they are attached. For example, ordered helical lattices of these proteins generate tubules whereas disordered proteins generate vesicles (albeit at a higher concentration) (28, 29) . Simulations can accurately match the lattice found in cryo-EM experiments to predict the optimal angle between protein constituents (30) . However, free energy calculations show that BAR domain self-associations are inhibited by tension (31) .
These studies help to explain the features of mature curved morphologies or protein lattices; however, it is necessary to characterize the original protein-protein associations and membrane interactions that generate nascent morphologies. To identify the smallest possible building blocks for curvature generation, one must test whether particular molecular components can bend the bilayer at moderate, physiological concentrations. Oftentimes, these concentrations give surface coverages that are well below the diffraction limit and resist clear imaging. An additional complication comes from thermal noise. The softness of lipid bilayers produces many long-wavelength undulations that may seem indistinguishable from an induced curvature field at a given location at a given instant. Predictive models for membrane curvature require a careful accounting of the properties that influence bilayer tension, rigidity, and excess membrane area, because these influence the nature of the undulations.
In this study we offer a step toward a minimal, predictive model for membrane bending by studying the undulations in a planar bilayer with modest concentrations of a commonly studied curvature-inducing protein domain. We focus on a single exemplar of curvature generation at the intermediate scale: the ENTH, which induces curvature via an inserted amphipathic helix (helix-0 or H0) (32) . Amphipathic helices are the ideal candidates for distinguishing curvature sensing and generation because it seems they can do both, they assemble more quickly than larger complexes due to their size, and they presume to remodel the bilayer with a mechanism that may be less sensitive to ordering parameters (33, 34) .
Through coarse-grained molecular dynamics simulations we quantify curvature fields induced by ENTH domains at three concentrations and distinguish this curvature from background undulations by applying a fluctuation theory based on a continuum model to our simulations. We show that ENTH domains induce curvature cooperatively and focus background undulations into coherent curvature fields over distances that are much larger than the proteins themselves.
Methods
To quantify the dependence of bilayer curvature on protein density, we carried out simulations with one, four, or eight coarse-grained ENTH domains according to the methods used in previous simulations of ENTH (35) and Exo70 (27) . We adhere these proteins to a bare bilayer containing a total of 12,800 lipids at a 4:1 composition of DOPC and DOPS at a spacing of roughly 15 nm. Each protein is bound to a single PIð4,5ÞP 2 molecule parameterized from atomistic simulations which remains bound to H0 near the known binding pocket (32) . Simulations lacking PIð4,5ÞP 2 failed to show measurable curvature and in some cases the ENTH domains detached from the bilayer (results not shown). This result is consistent with experiments that show that ENTH domains require binding (36) and motivates our use of a single PIð4,5ÞP 2 , which is sufficient to retain ENTH at the bilayer in our model.
Bilayer simulations proceed for 500 ns in Martini time (∼2 μs in real time) with a timestep of 40 fs sampled every 160 ps. The Berendsen thermostat and barostat maintained a temperature of 310 K and semiisotropic pressure coupling of 1.0 bar both parallel and perpendicular to the bilayer plane with coupling time constants of 1.0 and 4 ps, respectively (37) . Simulations were solvated with ∼700,000 water beads which provide 20 nm between periodic images in the normal direction. Simulations data are read by the MDAnalysis toolkit (38) and analyzed by in-house analysis codes that use Scipy functions for optimization (39) . Further details on the simulations and the analysis methods are available online in SI Appendix, Sections S1-S4. A typical dynamics run required 48 h of computing time on a 48-core (three nodes, 16 processors each), therefore requiring 1,920 central processing unit (CPU) hours. The aggregate time for the project required 8,000 CPU hours of computing. Fig. 1 provides snapshots of our protein-membrane systems.
These simulations have a spatial extent of roughly ∼65 × 65 nm, which is large enough to accommodate a rich collection of proteins in a biological context, but which is still too small to form even the smallest subcellular membrane shapes (e.g., a small vesicle or complete tubule). The length of our system (65 nm) is large compared with the size of the proteins (5 nm). Although we believe the system is long enough, we have not performed system-size scaling analysis in this study, because the current system itself consists of 10 6 particles, an avenue worth pursuing in the future. To relate the coupling between protein-induced curvature and the membrane undulations, we use the Canham-Helfrich (40) free energy functional, which has been used to describe the plasma membrane in a variety of biological contexts (41) . Through this functional, we describe the bilayer height fluctuations according to its physical properties-namely, the bending modulus and surface tension-and the spontaneous curvature field of adhered proteins as well as the temperature. To directly apply the theoretical analysis on our molecular dynamics simulations, we interpolate each leaflet of the bilayer at a length scale of 0.5 nm, resulting in height profiles of 128 × 128 for our square bilayers of 65 × 65 nm 2 . The leaflet average gives the heights of the bilayer midplane; the Fourier transform of these heights provides the values of h 0,q given in Eq. 1. Further details for the optimization procedure are provided in SI Appendix, Section S3.3.
We derive Eq. 1 according to Tourdot et al. (35) to describe the free energy of a bilayer that is remodeled by a host of attached proteins:
Eq. 1 encodes the expected spectrum of height-height undulations of a fluid bilayer. It has traditionally been used to interpret the fluctuations of a bare (protein-free) bilayer at small and large length scales using continuum methods (41) as well as molecular models (42) in the case where C 0 ðx, yÞ = 0 and the spectrum is given by SI Appendix, Eq. S6, Section S2.1; our simulations of the protein-free and tensionless bilayer adheres closely to this behavior (see SI Appendix, Section S4.1, Fig. S2 ). Encouraged by this agreement between the molecular simulations and the continuum model for the protein-free system, we hypothesized that curvatures computed from molecular simulations in a bilayer with curvature-inducing proteins will obey the relationship in Eq. 1, and that we can therefore estimate protein-induced deformation fields (C 0 ) from the bilayer height-height undulation spectrum observed in the simulations. We have previously estimated curvature fields induced in protein-bilayer simulations for ENTH domains (43) and the protein Exo70 (27) by directly analyzing the statistics of deformations in the simulation trajectories. These studies also revealed that the induced curvature is of the same scale as natural undulations, making it difficult to deconvolve the two effects. It is for the same reason that, we believe, single-molecule experiments on these proteins fail to reveal any direct evidence of their curvature sensing or induction (13) .
In particular, the formalism in Eq. 1 overcomes this limitation by explicitly accounting for the ways in which the imposed protein curvature field is convolved with thermal noise to create a distinct undulation spectrum that satisfies thermal equipartition. Because the equipartition theorem is only strictly valid for long-wavelength modes for which β −1 hω, we have to consider how highfrequency undulations become "frozen out." To account for this effect, we treat the energy levels associated with each mode of the bilayer height undulations as a system of harmonic oscillators with a discrete energy spacing proportional to the wavevector such that ω = cq for some c, where q = jqj. This leads to the following expression for the corrected equipartition (SI Appendix, Section S2.3):
The mapping of the average elastic (potential) energy per mode at finite temperature in Eq. 1 to that described by Eq. 2 provides a criterion for determining the "best" C 0 ðx, yÞ in Eq. 1 that is also consistent with Eq. 2. We note that the mapping between the modes of undulations of the membrane and that of a harmonic oscillator is formally correct because the undulations modes are quantized due to the lower-wavelength cutoff; moreover, the relationship between the frequency and the wavevector noted above implies that the successive modes are equally spaced in frequency establishing the mapping to the quantum harmonic oscillator. Using the aforementioned mapping as the basis, we define an objective function whose minimum yields the optimal parameters for the induced-field C 0 ðx, yÞ. The objective function is defined as follows (SI Appendix, Section S2.3):
We treat the field as a 2D Gaussian function with parameters defined in SI Appendix, Section S3.1 and a functional form given by Eq. 4 Fig. 1 . Simulation snapshots showing a side profile, top view under periodic boundary conditions, and average height profile (z) of a free bilayer along with either one, four, or eight ENTH domains (red). We omit water and counterions for clarity. The top view shows the size of the periodic simulation box (black square).
To implement this curvature-undulation coupling method, we first extract the midplane heights and then propose many different curvature fields as trial functions. There are three parameters needed to describe our fields: the number of proteins per field, the maximum curvature (hereafter curvature strength) ðC 0,max nm −1 Þ, and the spatial extent of the isotropic curvature field(s) ðσ nmÞ. We use two protein-field mappings. The first is a many-to-one mapping, one field for all of the proteins in the simulation, called the single-field hypothesis. The second is a one-to-one mapping in which each protein is represented by a single field that tracks the instantaneous position of the protein's center of mass. The result is a collection of individual Gaussian functions given by Eq. 4 centered at the locations of each protein, which allows for anisotropy as well as higher-order poles in the overall shape of the field. We call this the multiple dynamic protein-fields hypothesis. In both the single-field and multiple dynamic protein-fields scenarios we minimize L with respect to C 0,max and σ in Eq. 4. We rank these fields based on the value of the residual associated with minimizing the objective function defined above. The analysis and implementation are detailed in SI Appendix, Section S3.
Results
Before applying the formal method described above, it is useful to inspect the height profiles of protein-laden bilayers because they provide a qualitative picture of how the proteins can influence the bilayer shape. The ensemble-averaged snapshots of bilayer heights depicted in Fig. 1 show an interesting trend: Membrane-attached ENTH domains almost always occupy above-average bilayer heights. Bilayer undulations have no preferred lateral position; their constituent waves have uniformly distributed phase angles. That the proteins occupy the peaks of the underlying deformation is no coincidence. As the number of proteins (concentration) increases (from zero to eight ENTH domains), these proteins seem to focus the undulations underneath them. This process creates an average deflection of ∼1 nm in our trajectories, but the average deformation obscures a significantly stronger dynamic focusing effect, which is most apparent when viewing the dynamics (Movie S1 and SI Appendix, Section S1). This movie shows stronger deflections, centered on the proteins that wax and wane throughout the trajectory. More importantly, these deformations are mobile, orbiting the proteins over time. Based on the observed dynamics in the trajectories (Movie S1 and SI Appendix, Section S1), we hypothesize that increasing protein concentration increasingly focuses these background thermal undulations to the vicinity of the proteins. As an important corollary, we note that the coupling between the curvature and undulations observed in our ENTH system described above is also displayed by other protein-membrane systems where the protein induces curvature, as noted in our previous work on Exo70 (27) ; hence, our observations are not dependent on the precise choice of how we prepared the ENTH system, namely the degree of insertion of the helix-0 and so forth, because the Exo70 system, which has no insertion but only electrostatic interactions between the protein residues and the lipid headgroups, also shows the signatures of curvature-undulation coupling.
The results of the curvature-undulation coupling analysis in Eq. 1 are presented in Fig. 2 , which depicts the energy distribution among undulation modes indexed by the wavevector q. The data presented here correspond to the case of the optimal field that minimizes the objective function L in Eq. 3. The energy distribution for different modes (q) shows good agreement with equipartition, which posits that these modes should have uniformly distributed energies of k B T. The bold lines depict the with equipartition, which posits that these modes should have uniformly distributed energies of k B T. Errors are somewhat higher for systems containing more proteins. (Bottom) Bilayer properties including κ and γ found in Eq. 1, the harmonic oscillator constant found in Eq. 2, and the resulting MSE taken from the residual difference between the spectra and k B T; the renormalized bending moduli and tension fall within experimental ranges (SI Appendix, Section S4.1).
Error bars for these properties are generated from fits found within 4% of the minimum.
average over multiple wavevectors with the same magnitude but different directions on the tangent plane. We find that our predicted deformation fields are in good agreement with equipartition. We also see from Fig. 2 that proteins soften the bilayer and may produce a slight increase in the apparent tension γ. Insofar as proteins suppress undulations, this result is consistent with the observation that inhomogeneities in the elastic modulus may lead to a softening of the bilayer (44) . Having found agreement between the best-fit fields and equipartition, we now turn to analyzing the features of these deformations. The strength, extent, and error are shown in Fig. 3 . These parameters show several striking conclusions. The results for the single-field hypotheses imply that this scenario, namely describing the deformation field induced by the protein as a single anisotropic Gaussian field, is not a good representation across all of the systems. Although this model describes the one and four ENTH systems to the same degree of mean-squared error (MSE) as the other systems, the MSEs for the free bilayer and that for the eight ENTH systems are almost twice those of the other systems. This conclusion is not surprising, for in visualizing the deformation modes, it is clear that the deformations are both dynamic and possess modes higher than just a monopolar deformation. From a quantitative standpoint, the single-field model is therefore useful only as an internal control to assess and compare the MSEs of optimal fields to those that are less than optimal.
Qualitatively, however, the single-field model suggests that the influence of the induced curvature field increases with increasing proteins, which is consistent with the visualization of the deformation modes in Movie S1 (SI Appendix, Section S1).
The multiple dynamic protein-fields hypothesis provides a more mechanistic picture that is also quantitatively accurate (and robust). First, it is evident that as the protein concentration increases the curvature strength does so as well. The relationship between the number of proteins and the curvature field strength ðC 0,max Þ indicates positive cooperativity in curvature induction, suggesting a collective phenomenon in curvature induction (red bars B, D, F, and H in Fig. 3 ). The maximum curvature approaches a plateau when four or more ENTH domains are present. With the approach of the plateau in the curvature field strength, the spatial extents of the individual fields also stabilize, whereas the overall spatial extent of the combined field (due to all of the proteins) increases. This scenario is evident from the spatial maps of the curvature fields in the lower portion of Fig. 3 . To establish the degree of cooperativity, we analyze our results of ðC 0,max Þ and σ versus the number of proteins in terms of a cooperative Hill reaction nA 1 ⇌ A n with an equilibirum association constant K n (45) . By coupling the stable induction of curvature exclusively with A n , we can determine the degree of cooperativity n by fitting the deformation strength (D s ) as a function of the number of protein domains (or the dynamic protein fields), n p ; that is, we compute
, where the index i runs over n p and dA = dxdy; the approximate equality evaluates the integral assuming each dynamic protein field i is an independent Gaussian function. The plot of D s versus n p in Fig. 3 is fit to the Hill cooperativity expression (45)
(solid line) to yield the value of the "best-fit" parameters: n = 2.9, which clearly establishes the degree of cooperativity (namely, n ∼ 3) among the ENTH domains in inducing a stable curvature; here, ½A 1 is the concentration of A 1 , which is simply taken as n p .
The results that we have enumerated so far-bilayer properties and estimated best-fit deformation fields-are sufficient to identify threshold concentrations, estimate the saturation level of curvature, and demonstrate that curvature induction depends on concentration resembling that of a cooperative Hill process. These estimates reduce the size of our survey to a single, consensus hypothesis. Analyzing the MSE (or fitness) landscape of less-precise hypotheses allows us to describe how robust our atom-to-field mapping procedure for the determination of the curvature fields can be. The robustness of our estimates is best assessed by the error landscapes over the two parameters of our trial functions. The landscapes for the multiple dynamic proteinfields trial functions are shown in Fig. 4 , which plots the fitness landscape in terms of the MSE for all of the trial fields. Fig. 4 demonstrates that with the parameter sweeps we have carried out for the trial functions for the curvature field many curvature fields may be nearly equally compatible with equipartition. This helps to put our consensus fields in the proper context and also quantifies the robustness/sensitivity of our analysis in identifying the curvature-field strengths from molecular Fig. 3 . Curvature fields for bilayers with ENTH domains inferred from minimization of the objective function in the curvature-undulation coupling analysis. The parameters that minimize the objective function represent the closest fit to the adherence of equipartition. The curvature and extent measurements (Top Left) describe the results for both the single field (blue) and protein-dynamic fields (red) hypotheses. Because the latter produces lower errors overall, we depict the corresponding best-fitting fields (Middle, red) above the average deflection (Bottom), and use that hypothesis to analyze the cooperativity. In the plot titled "cooperativity" (Top Right), we show how the results from the protein-fields hypothesis for the computed curvature field parameters as a function the number of proteins can be used to analyze the degree of cooperativity between proteins in inducing a stable curvature field (see symbols). The Hill analysis (described in the text) provides a Hill coefficient of ∼3 and the fit to the Hill equation is depicted as the solid black line. The dashed lines are fits to the Hill equation for n ∈ ð2,3,4,5Þ and are provided to show that n = 3 is a distinctly close fit to the computed results. We also show spatial maps of these fields (Middle) and the resulting average height profiles (Bottom). Error bars are computed by taking the variation in either curvature or extent that corresponds to a 4% increase in the MSE (note that the error landscapes have asymmetric minima, and hence the error bars appear asymmetric). The corresponding MSE values are found in the bottom row of Fig. 2. dynamics simulations. Each landscape shows an inverse relationship between curvature and extent, suggesting that higher curvature looks like a lower extent through the lens of the undulation spectra. The finite length scale of our simulations means that we cannot probe wavelengths above the box length. This sets the floor on measurable curvature at the reciprocal box-length, ∼0.005 nm −1 , which is the maximum curvature of a sine wave with the maximum wavelength. This floor corresponds to the consensus curvature observed in the error landscapes for free bilayers. We find that this minimum-observable curvature has a large extent on the free bilayer, suggesting that this is the background spontaneous curvature for our system.
Discussion
Our estimates of protein-induced deformation fields have demonstrated three important components of the molecular-tomesoscale mapping. The mapping identifies the relationship between concentration and curvature and the underlying degree of cooperativity involved in stable curvature-field induction. Although we have identified cooperative curvature induction by ENTH domains, it is also possible that other protein compositions create similar or less or more cooperative transitions from weak to strong curvature, by primarily interacting with membrane undulations. The level of maximum curvature strength provides an upper limit on the strength of curvature that the protein domains can create intrinsically due to their interactions with the bilayer. This ceiling may be used to conclude that a particular protein cannot create more highly curved morphologies without help from extrinsic factors such as stabilizing scaffolds. This may also help to distinguish the curvature induction at very high densities from protein coats that initiate bending and trafficking events in vivo. In particular, we find that ENTH domains have a relatively high ceiling of intrinsic curvature of ∼0.03 nm −1 , which suggests that they are capable of stabilizing membrane tubules with the minimum diameter determined by the size of the lipids, a result that is consistent with in vitro observations (32) . In contrast to previous estimates that ENTH domains lack the energy or cannot pack tightly enough to bend the membrane (6), we estimate that ENTH domains can reach curvature strength saturation at moderate densities with more than enough space to accommodate the remainder of the protein epsin. To extend our conclusions to the mesoscale, we must demonstrate that many small protein-induced deformations can sum to one with a larger extent to remodel the bilayer at physiologically relevant length scales. This is the third component of our mapping, and it has been ably demonstrated by several findings at the mesoscale using continuum models, where we have used spatially diffusing curvature fields in fluid membranes to study the emergence and stabilization of various membrane morphologies quantitatively consistent with in vitro and in vivo observations (27, 41, 43, 46) .
Our methodology and predictions also identify an important biophysical mechanism that is relevant to general membrane remodeling processes. That is, even a small approximately nanometer-sized domain is capable of coupling a deformation field to background thermal undulations, and, moreover, this coupling allows small proteins to affect bilayer fluctuations with a much larger wavelength (tens of nanometers). This provides a possible mechanism for protein enrichment at the sites of membrane remodeling in which the sensing mechanism occurs through the curvature undulation coupling at distances much larger than the size of the protein. Consistent with our curvature-sensing hypothesis, we find that the diffusion coefficient of the individual ENTH domains is a strong function of the background curvature of the membrane and of the presence of other proteins in the neighborhood (Fig. 5) . We note that the study of the diffusion coefficient also rationalizes the stability of the cooperatively induced curvature field due to multiple proteins. Based on the computed values of D, we estimate that in a typical trajectory of t ' 2 μs that we harvest, each domain can move a characteristic distance of ffiffiffiffiffiffiffiffi 4Dt p ' 10 nm, which is long enough for sufficient conformational sampling in the region of the induced field. Hence, the fact that the induced field is persistent in this timescale implies its stability within these timescales. Alternatively, we can use the Hill analysis presented above to estimate the stability of the induced field using the relationship K n = expð−μ n =k B TÞ (45) , where μ n is the chemical potential of A n , which represents the stability of one assembled (or cooperatively induced) curvature field. Converting from number of proteins to mole fraction, we estimate that μ n = −35k B T (or ∼ − 21 kcal=mol at T = 310 K).
Our models make contact with experiments in two ways: (i) They recapitulate known features of protein-protein and protein-lipid association and (ii) they predict membrane geometries observed in experiments. We find that ENTH domains remain bound to the bilayer for the duration of the simulation without any customization or modification to the force field typically necessary to tailor simpler coarse-grained models to specific experiments. This result comports with the slow measured off-rate of 1 s −1 (47) and its nanomolar membrane binding affinity (36) . We attribute this persistent binding to favorable interactions between the inserted helix-0 and a single associated PIð4,5ÞP 2 , which provides a binding enthalpy of −14 k B T according to isothermal titration calorimetry (32) . The PIð4,5ÞP 2 -protein association is stable throughout our simulation, and the associated ENTH domains have diffusion rates as low as 1 μm 2 ·s −1 . This matches membrane-bound epsin diffusion measurements under total internal reflection fluorescence microscopy (47), which report 2D lateral diffusion rates of 1.5 μm 2 ·s −1 . We also find that ENTH domains generate deformations with a degree of cooperativity n = 3 (Fig. 3) , which suggests that trimers (at least) are required to bend the bilayer. This observation is Fig. 4 . Error (fitness) landscapes show the MSEs for each trial function with a one-to-one protein-field mapping (in the multiple dynamic protein-fields hypothesis). Each point on the landscape corresponds to a unique spectrum. The black dots depict the best-fitting fields and correspond to the spectra given in Fig. 2 . These landscapes are smooth, somewhat flat, and monotone, which suggests that the strength and extent of curvature are partly fungible. Error bars in Fig. 3 are computed by taking the variation in either curvature or extent that corresponds to a 4% percent increase in the MSE.
parsimonious with physiological constraints on epsin concentrations at the sites of clathrin-coated pit formation. Epsin must be enriched above its native intracellular concentration to bend the bilayer; however, ENTH concentrations far above the threshold coat might exceed the CLAP-binding domains on the overarching protein coat, which are known to be spaced at ∼18 nm (48) , or the availability of PIð4,5ÞP 2 , which must also be enriched at the sites of coat formation according to estimates from our previous work (43) . This average separation is equivalent to that found in our four-ENTH simulation, and our analysis shows that this system can generate the necessary deformation. The relatively low accessibility of both PIð4,5ÞP 2 and binding sites on the coat suggests that a higher degree of cooperativity would impose additional free energy costs on coat formation. At lower concentrations exemplified by our single-ENTH domain system we observe far less curvature, in agreement with single-molecule tracking experiments that indicate that single ENTH domains lack the ability to sense low curvatures (13) . These features-stable binding, slow diffusion, and cooperative membrane bending-demonstrate that our protein senses curvature collectively, a process that is necessary to explain the self-assembly required to enrich local concentrations of ENTH domains to sufficient concentrations to trigger trafficking events in the cell. In addition to matching these features of protein-lipid association, we find that our predicted membrane maximum curvatures and additional bending energies agree with experimental measurements of ENTH-decorated liposomes, which have radii of 10 nm (49) . The predicted maximum mean curvature at saturation is ∼0.03 nm −1 , which is above the estimated threshold to vesiculate the membrane at higher densities (43, 50) .
Although this study treats the bending rigidity of the proteinbilayer system as a constant, we expect this curvature coupling effect to become even stronger when proteins are enriched to higher concentrations and hence produce a material with a more heterogeneous bending modulus. By distinguishing deformations at the single-molecule level on a large bilayer, we have demonstrated that this method is sensitive to the molecular details of a particular protein-membrane system. For this reason we expect it to provide a useful method for classifying proteins that sense or induce curvature at physiological concentrations and interpreting in vitro studies of membrane remodeling as well as in vivo studies of how such proteins localize to regions of preferred curvature (24) . In particular, our calculations explain how small proteins can modulate bilayer fluctuations at long distances and how relatively small deformation fields are capable of coupling to the background thermal undulations of the bilayer. In this way, proteins focus membrane curvature in service of generating more curvature and attracting protein adapters that sense this curvature, thereby creating a conducive entropy-dominated mechanism for the creation of large assemblies of curvature-inducing protein domains. In concert with other more recognized mechanisms [such as phosphoinositide clustering (51)], we speculate that the curvature-undulation coupling process could be responsible for protein recruitment. Indeed, we have shown in previous work that the chemical potential (or propensity) for such proteins to be recruited to sites of curvature depends on the strength of the protein-curvature field; this coupling quantifies the curvature sensing property of the protein through the chemical potential (43, 46) , through which intracellular trafficking events may be orchestrated to influence cell phenotype. More specifically, the ability of both curvature-inducing proteins and the applied tension to affect undulating modes of large wavelengths implies that the curvature-undulation coupling mechanism may explain why curvature-inducing/sensing proteins can also sense membrane tension, thereby making them conducive to mechanosensing. . Protein diffusion coefficients (colored symbols) and average protein diffusion (black squares) for each protein-membrane system. We compute the absolute diffusion rate by first measuring DOPC diffusion and comparing it to experiments (coarse-grained time is 3.6 times faster than real time in these simulations; SI Appendix, Section S4.4). We find that proteins diffuse roughly half as fast as the surrounding lipids but that this diffusion rate is influenced by the protein's position in the average deformation field. We report a diffusivity of zero for protein motions that did not show monotonic mean-squared displacement. We assume that both subdiffusion and fasterthan-lipid diffusion are due to the chemical potential gradient generated by the curvature field and sensed by the proteins.
